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A NEIL I. SMITH* | ' 
Cave Exploration Group (S.A.) Inc. 

Abstract 

Tre mathematics of a new least-squares procedure for cave survey loop closures 
1§ presented. Previously-publisred metrods cre briefly reviewed and it is 
suggested that the new method is superior, in both single- and multiple-loop 
sttuations. Brief description is gtven of a FORTRAN program for survey 
reduction incorporating this algoritr.. 

INTRODUCTION. 

The loop closure problem will be familiar to all cave surveyors. However 
careful we may be in making measurements, it is most unlikely that a survey 
station reachable by more than one path will be positioned unambiguously to 
within the plotting accuracy. Before the final plot is drawn it is therefore 
necessary to "adjust" the survey. 

Closed loops (with a good closure scheme) actually improve the positional 
- accuracy of the survey in the same sense that the average of repeated measure- 
ments of a single quantity is more reliable than one estimate. Of course, 
if the closure error is large we would not (or certainly should not) attempt 

. to perform the closure - the data needs to be checked for such gross mistakes 
as reversed bearings, etc., and if all else fails a re-survey may be necessary. 

¥Yethods in common use for resolving closures .include simple adjustment by eye, 
and separate distribution of X, Y and Z errors in proportion to leg lengths. 
Ellis (1976) suggests distributing errors equally between legs since this is 
the simplest method and, he claims, as likely to produce reasonable results 
as any other. If there are several interconnected loops, however, the simple 
methods require that closures be adjusted sequentially. This has the disad- 
vantage that the early closures may force errors onto the remaining loops 
over and above those due to mere measurement inaccuracies. Precisely for this 
reason, most surveyors choose to adjust the '"best" closure first. 

The purpose of this paper is to show that the closure problem may be put on : 
firm mathematical basis. The problems attending sequential closure are 
avoided because the opportunity exists for adjusting any number of loops 
simultaneously. At least two papers (Schmidt & Schelleng, 1970; Luckwill, 
1970) have treated the simultaneous closure problem. I claim some superiorisy 
for the new method, for reasons to be discussed later. Many cave surveyors 
are already using computers for data reduction - why not get the most out of 
them? 

MATHEMATICS OF LOOP CLOSURE 

For simplicity, we consider at first a survey traverse of N legs forming a 
single closed loop, as shown in plan view in Fig. 1. The generalisation to



Issue #9 CAS NENSLETTER\ December 1982 -12 

SMITH — SIMULTANEOUS MULTIPLE L.OOP CLOSURES 

Figure 1. Example of uncorrected survey plot. 

North eg N 

leg (N-1) 

other situations is straight forward and is explained later. Due to un- 
avoidable errors in the measurements, the last point does not coincide with 
the first; insteac there is an error which in general has an easterly com- 
ponent E_, a northerly component Ey, and (although not shown in Fig. 1) a 

vertical,componentAEz. The values of the error components may be readily 

calculated without plotting. Let us assume that for each leg we have measured 
the length L, the bearing B (clockwise from north, in degrees) and the slope 
cr elevation S (in degrees, relative to the horizontal). 

bistinguishing between the legs by a subscript i, the easterly (X), northerly 
(Y) and vertical (Z) components of each leg are given by straight forward 
{3 4 1gonometr'y as: 

Xi = Li sin Bi cos Si | .. . (1) 

Yi = Li cos Bi cos Si BB 3 (2) 

Zi = Li sin Si o mosdier » (3 

N2gative values indicate, of course, west, south or ‘down. (More usual 
méthematical notation would employ r, 6 and ¢, with the azimuth 6 being 
zaken anticlockwise from east, and 6 and ¢ wouléd be measured in radians. 
However, the equations are just as readily derivable in terms of the "geo- 
graphical" angles.) 

re tzken in the same sense around the loop, the crror Provided that all legs a 
corponents are sirgly the sums of the corresponcing leg components, fcr 
example: 8 

N 

E = L3 Ein By oeS S, . 
X 121 b ) 

our aim Ir "acdijusting" the survey is to intreduce srall changes li’ b, and s, 
i i -~ 

some or all of the L., B; ard g, in such & way that the errcr corpcnents
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are reduced to zero. The smaller the changes that are required, the more 
appealing the adjustment will be to the surveyor. The problem is mathemat- 
ically tractable if we choose these adjustments in the way which mlnzmlses 
a "weighted least-squares objective function" F, defined as: 

® LBt R Wooel ) e e e (9) i 

The w's are weighting factors which may be freely chosen to reflect the 
realities of the survey. For example, we may consider an error in bearing 
of 1° to be as likely as a 0.1 m error in length, and make Wi T 100 Yii 

so that each ‘would contribute equally to the value of F. The appearance 
of the subscript i implies that different weights may be given to different 
legs, a useful feature if some of the surveying was done accurately with (say) 
a miner's dial and some only with hand compasses. Some measurements may be 
considered "perfectly" accurate if desired - that is, some 1, b or s values 
may be defined as zero and simply omitted from equation (5). 

Considering now any one leg (.‘ropping the subscript i), the increments 1, 
b and s will int~odrze corresvondirg chanres x, v and z to the ear+ing. 

northing and height differences. Provided that the increments are small enough, 
approximate formulae for these changes may be obtained by partial different- 
iation of equations (1), (2) and (3), that is 

_ 3X axX ax ) X - fi'l " 7 :B-b + 'a_gs -o--(s) 

and similarly for y and z. Explicitly, 

x = 1sin B8 cos S + brl cos Bcos S - srL sinBsinS . . (7) 

Y = 1l cos Bceos S ;' brL sin Bgos S -~ srL cos B sin S - LB) 

2 = 1sinS -+ srL cos S o o o o $9) 

The factor r, equal to m/180, appears because b and s are in degrees. 
Geometrical demonstrations of these formulae are possible, and illustrate that 
they are more accurate the smaller the increments. For length changes only 
(b = s = 0) the formulae are exact. 

To "close the loop" we want the net effect of the changes x, y and z summed 
around the loop to be equal and opposite to the original error components 
Ex’ Ey and E 27 while simultaneously making F as small as possible. That is, 

we have an "equallty constrained" optimisation problem, the three constraint 
equatlons being 

N 
] x. + E. = o s = 5 410) . X X 

1=1 

) y. + & =0 ¢« 3 (1) 
i=p * y 

;z]._ + E =0 . (12) 
i | e
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To solve such a problem we define a "Lagrangs Ifunction" G (see any general 
text on optimisation theory, for example, GotzZried & Weisman, 1973), involving 

the objective function F, the constraints, anc one new variable p for each 
constraint, that is, 

peb ) 2 + E, ) ¢ ¢ 5 (19 
" i=1 

The solution is obtained by simult taneously equating to zero the partial 
devlvatlves of G with respect to all the varizbles (the original l's, b's 
and s's, and the p's). Substituting for F from equation (5) and for Xis Y5 

i 
and 2z, from equations (7), (8) and (9), and performing the differentiation, 

we get 

5 sl ® B, in B s = = = o D sin B, cos S. + < B. ! 1 . . 31, 1313 * o, : s Ty o8 B; cos §; + p_ sin S, (14) 

aG : — = = v = wi,. 2 . s s g ge s =, =2 “bibi + p rL. cos Bi cos S py. ; sin B, cos S; (1%) 

3& =0=2w.s, -p_rL, sin B, sin S, - p_ri. cos B, sin S, + 
ds s si’i X A i 1, y i 3 i 

p.rL. cos S, S 
e ! .1 

The partial derivatives with respect to the p's vield the original constraint 

equations (10), (11) and (12). 

We thus have a set of 3N + 3 simultaneous linear equations to solve. This 
would certainly be an unpleasant task by hand calculator. At first sight it 
would seem to tax the capabilities of most ccmputers also - if there were 100 
legs in the loop, over 30 000 memory locations would be needed just to store 

the matrix of coefficients. However, the situation is not as bad as that. The 
coefficient matrix is symmetric and (better still) is sparse. A set of very 

simple transformations reduce the problem to <that of solving three simultaneous 
ecuctions, followeé by a straightforward back-sibstitution to produce the 1l's, 

b's and s's. In fact, hand caculation would bz feasible for a single loop, even 

with 100 legs. 

Because the equations (7), (8) and (9) are no: exact, this process does not 
solve the closure problem exactly, but will ccme extremely close. An exact 
closure (with a very slightly sub-optimal value of F) may be obtained by « 

second application of the process, this time zllowing only leg lerngths to vary 

(which they will do by miniscule amounts). 

GENLFALISATIONS 

50 far we have considered a single survey looz, &llowed changes in all the 
m=2as.red variables, and required the lcop to :lcse in all three cimensions. 
Very simple medifications take care of other si-zuztisns. First, if we regard 
sone measurements as much more reliable than ct=ers we can acdjust the closure
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Figure 2. Illustrating simultaneous loop closure. 

(1
 

o
 

Figure 4. Example of Coefficient Matrix and R.H. Side 

" This applies to the'two-locp example of Fig. 2, 
x Denotes non-zero entry. 
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- 
by varying only the latter - this leads to ecquations of the same form but__ __ 
fewer of them. Second, we may require closure in cnly one or two d_me251ons;*fi 
for example, two stations may be'spatially separated but both on the water 
table - there would be a z constraint (equation (12)) but no x and y con- 
straints; or an electromagnetic ("RDF") measureveng may constrain a station 
in x and y but not in z. - 

The generalisation to multiple loops is also straightforward and is illustrated 
in Fig. 2, where legs are numbered and staticns identified by letters Stations 
mA and m2 are ohvs1cally the same as station m. e still wish to minimise F as 
defined by equatlon (5), where the summation is over the entire survey and 
quite unrelated to the number of loops. Of course, if a leg forms part of no 
loop, we have no reason to adiust it at all, and so we do not inclucde it. We 
now have six constraints because we wish to cancel simultaneously the errors & 2 s 
E a» Eya’ E > Eo Eyb and E_, . A charge to (say) leg 10 would have no effect 

on the closure of "icop A" - thus the summeticr In the constraint equations 
(10), (11) and (12) is nct over the whcle survey but only around the relevant 
loop. For example, cne censtraint weuld be: : 

X1y Xyt Xy, t X)F Xy b Xt X+ Xg * Exa = C % & 1_(17) 

Only legs 12, 12 ancd 14 are common tTo doth locps and so appear in the equations 
for both £ _ and E .. 

b xa %b 
A :s a further lilustratien, suppose that we know in addition that staticns g and 
c are &t the same level although the raw survey would place : 0.3 metre higher. 
~e would then have . seventh ccnstraint, namely, 

7 A ) 2 0 oo u  REHS 

(the minus signs occurring because we are looking at legs 6 and 7 in the 
‘reverse sense). Fig. 3 shows the coefficient matrix for this example. 
Simple transformations reduce the problem to ths sclution of seven 
simultaneous equations f we were to consider instead of "loop A" and 
"loop B" just one of them and the entire exterior loop, the equatiorns would 
lLook dl:fe‘ent but the soluticn would be the same. 

-2, - Z.. + 2z +2_+ 0.3 

TOMPARISCN WITH OTHER METEODS 

Schmidt & Schalleng (1370) have publishad a le= 
simultanenus closures. They minimise not the a 
and slopes . (the actual measurements mace) but-c 
components (¥, Y and Z) of the survey legs. Th 
not have the control they would like over b=a 
can end up in the adjusted versicn to be uncom 
measured valuez. ' 

sIi-sgquares method for 7 
Zjustments to lengths, bearings 
ne changes to the Cartesian 

uthors admit that they do 
, for example, soms of which 

2tly different frot their "
]
’
1
 

The metrod requires the solubiow ©f k sirmultanecze sguations (k = n::‘er of 
statisns) for each cpordinzzc, anpd the zuthers employ the icea cf & "string" 
of iegs to reiuce the coefficient sicrace reguirsmenss. Luchwill (1370) 
describes (zlthough not fully) wh.t iz potentielly =z tetter method, Secause it 
requires only one equatlod for. each logp.. IS welghsing Tacicrs .afe inzroducec, 
Luckwill's methol yiLelds =xactly the szme results &s Schmidt arnd Schelleng's 
put with much less efFort - 11 scives a related "Clual" problen whizn Is easier 
becayze there zre always fewer lcops than stations.
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The pr;rc;pal advartage claimed for the method cresented here is the expl;clt 
formulation in terms of the actual measured quantities - length bearing and 
slope. During the adjustment process none of these values can wander further 
frem their measured values than absolutely necessary. The small price to pay 
is some elementary trigoncmetry, and the solution of three equations for each 
loop (once) rather than one equation for-each loop (three times). The 
computer is not worried. 

A COMPUTER PROGRAM 

A complete survey data reduction program has been written (in FORTRAN) 
incorporating the above. It has turned out to be quite long (23 pages of 
listing) not because of the mathematics but because of requirements for 
generality in entering data and in setting up the equations for all possible 
constraint and weight combmatzons ' 

In summary, the first aCthP of ‘the pregram is to read in the coordinates of 
any stations which were firalised on earlier runs, if any. MNew raw survey 
data is then entered in the form "station frqm', "station to';, length, bearing, 
slope and instrument helght _Alternatively, the program can accept stadia 
data or any mix of the two types.. Compass and ¢linometer calibration data, 
etc., is entered on special cards and applles to all raw data followlng until 

overridden by a new value indicating, perhaps, a different instrument. An 

important feature is that stations reachable by multiple paths must be given - 
“wmore than one name (3s with station m in Fig. 2). To the computer, then, 

there are no closed loops and no ambiguities in station positions, which are 
calculated and printed out to allow the surveyor to decide whether meedlate 

closure is justified or whether the data needs re-assessment. 

The program then enters;a-"command" mode. Commands include equating stations 

to each other (that is,closing loops) in one, two, or.three dimentions, and 
forcing station coordinates to assume certain values., There is no ambiguity 
in choosing the legs’ involved. in "the closure: to the prog“am there are no loops 

and so only one path. It.just "happens" that two "different" stations wind up 

with the same coordinates. The commandstructure allows closures to be all 
simultaneous, all sequential, or any intermediate combination. Another useful 

comnand produces a-print-out of coordinates for a map at any scale. Plotting 

would be another possibility but has nct been included at this stage. Commands 
may -be stacked on' the input file after the data, but if a remote terminal is 
available the user may enter them interactively. 
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I offer the following in answer te your question about 
transformations": N _ 

Consider first the case of three-dimensional closure of a loop of only 

three legs (i.e. N=3). Application of equations (14), (15) and (18) of 
the paper to each of .the ibree legs gives us hine equations. In additior 
there are three constraint equations {one for each dimensfion); these 

zre equations (10}, (11) and (12) of the paper. These twelve simul- 
taneous- linear equaticns in twelve unknowns (1., b; and s, for i=1,2,3 
and the new variables p_, p_ and p_ ) are writ%gn &ut idh%afrix-fector 

form in figure A (with this”letter. I have uséd a shorthand notation 
for some elements of the matrix, nanely 

311 = sin Bi cos ?1 

a.i2 cos B1 cos Si» 

- 

a15 = sin °1 

14 r L, cos Bi cos éir 

p
 " 

| 

[ il i sin giwceg ?i“ 

a16 = - Ei ‘sin"Bi 

e b - Li cos Bi 

=1r L, cos S 
i 

15 - r.L 

sig-si 

sig.bi' 

for i = 1,2,}. 

‘All these values are known, being functions -of the measured distances,: 
bearings, and slopes. S L 2 ‘ S : 

Although the matrix has 12 x 12 eleménts (144), it is symmetric and 
many of the elementw are zero. In fact, there are only 33 independent 
elements ( 11N elements .for general N, 3N:diagonal elements and 8N . 
elements in the upper right (or lower lefit) partition). While we could 
in principle simply solve this set of 12 equations directly, it is not 
eificient. Furthermore, when N is increased to a realistic figure the 
matrix becomes too big even for most comphiters, -e.g. there are 91809 
elenments for a loop of 100 legs. :All this is by way of introduction - 
1 guess you followed thus far from my paper anyhow. - . . 

he "transformations" to which I refer are those we used at s¢hool 
for solving sets of two or three simultaneous equations by hand, and 
are based on the fact that any constant-multiple of one equation may 
be subtracted from any other equation without afiecting the solution. 
Befer again to figure®'A. ‘'he equation LjhaVe.labelledA%10) has the 
coefficient of 11 (hamnely 3{1)Jaflihilated by subtracting a fraction 
T . 5wl B s G : : 
'3 111  of equation (1) ; none of the other non-zero coefficients are 

affected but the coefficients of P+ P 
‘become’ A 2 . w R « 

-51%—— s Pocl) 4% § and fa11 %13 respectively. Still looking 
) 11 2w, ’ 2w o i 

at equation (10), the next.coefficient a,, may then be anihilated by 
‘subtracting a fraction a1| of eouaiion (2), without affecting the 

2wy 

and p, (previously zero)
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efficient of 1. which we made zero on the last sten. Of course, the 
coefficéents of % » p_ and p_are again changed. Continuing this process, 
equation (10) is Sodified so %.uat the coefficients of all the 1, b, 
and s variables are made zero. We are left with a linear equation in 
only 3 unknowns, i.e. 

AgPr ™ Yplp T Tl B EE 

where ‘ : N Z 2 Z 
D) 2] ' a a 
‘411 = -2 jé ( wi1 + 14 + aib ) 

1i Ybi Ysi 

3 a,. a a ‘a a N, =23 (12 + 24%5 4+ 287 ) 
bi si 

, N 

Mg =2 S Bty 4 M6 % ) 

In a similar manner, equations (11) and (12) are modified, leaving just 
3 equatiOns in 3 unknowns Py » P and P, » vi%is 

y 

v My Ky Px T % 
[ 1. | = * 

. Mo M My oy "LEy 
[ | 

B Moy -l s 10E 

Because this set of equations is also symmetric, only 6 (not 9) elements 
need to be calculated and stored, and a computer library subroutine 
tailored for solving symmetric systems may be used. A 1ittle caleulation 
will demonstrate to you the symmetry of this system, and also vroduce 
formulae for the rest of the M's, namely 

N Z Z 2 
My, = -% o b e @ SiE 5 Ba 

i=1 w w v 
1i bi si 

. N 

My = -3 % (2238 < %7 % ) 
W w . el 1 ai 

N 4 4 a Z 

o e G d8 ., w Sf8 
33 i=1 Y14 L 

1 81 

In terms of the original 12 by 1¢ matrix, we can think of the 3 by 9 
lower left partition being “emptied" by the transformation vrocess 
wnile the 3 by 3 lower right partition is “built up".
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Unce the values of p_, p_ and p, are found, all of the original 
unkrowns may be deterained Yne-at-i-tize by:back¥sitfbstitution. For 
exauple, 11‘is found from eguation (1) 

11 Px T %42 Py il pz-) / &4 

it will now be apparent to yeou that the original equations are 
solved exactly (apart from numeric roundoff) by this process. ‘there 
is no need to lump terms together as you suggest. The nice thing is 
that there are only three simultaneous equations to solve regardless 
of the value of N. 0f course, more labour is involved for higher N. 
because more a,, values must be calculated and there are more steps 
in the summatidfs to generatet the Mij' 

Yiow, looking at figure 3 of my ASF paper, the coefficient matrix 
in the case of multiple closures is of very similar form and exactly 
the same.sort of transformations are used. In this example there are 
seven constraints (2 loops to be closed in 3 dimensions, plus one 
addi tional closure in z only). Thus we are left with seven simultaneous 
equations to solve before back-substituting to get the original 
unknowns. when some legs don't affecd partieular constraints, we get 
gsone zeros in the off-diagonal partitions of the matrix. 

Interestingly, Schmidt and Schelleng could have used the same sort of 
transformations and so.avoided having to combine "strings" of survey 
shots to reduce the size of their matrix. I think that the Schmidt 
formulation obscures this somewhat because it uses actual station 
coordinates as variables rather than the X, Y or.Z.components of legs. 
ncwever (2s you observe), the method of Luckwill witn.the additicn of 
weights gives identical results to Schmidt's method. Transformations 
of the type I have described are precisely what Luckwill used to 
formulatas his "normal equations" (his paper doesn't explain this, un- 
fortunately). In his example there are three normal equations because 
there are. three loops; the number of-legs in each loop doesn't matter. 

“hat L don't like about Luckwill's metnod (or Schmidt's) is 
that closure is performed separately in each Cartesian coordinate. I 
feel taat this sort of adjustment could seriously distort some parts of 
a cave map. ror example, consider a loop which closes perfectly in the 
eagterly direction but poorly in the northing, and includes two legs 
of equal length, AB bearing 090 degrees and 3C bearing 180 degrees. 
(See figure B herewith). When the loop is closed there will be no east- 
erly adjustments and the northerly adijustments to AB and BC will be 
equal (with 3chmidt's inverse length weighting). Thus A3 is distorted 
alzost entirely in bearing wheraas BC is changed in length (only). 
The different treatment results entirely from the difference in true 
bearing of the legs. 'this is hardly realistic since the expected 
magni tudes of measurementx errors will be independent of bearing. 
Purthermore, in the usual cave survey situation lenzths are measured 
core accurately than bearings. The change in lensita forced on leg BC is 
quite undesirable - the nortnerly misclose is mucz more likely to be 
dus to compass errors in those legs witn substantial easterly comvonents. . 
All this is of course quite well known; Schmidt and Schelleng refer to it 
(p54, bottom left). I susgest that my metnod provides the test way of 
dealing with this problem. :



1ssue #9 

. . - —— — — — — — — — — —— 

Qg Az Ay Ay Gy Ay, dul O o o 

CAS NEWSLETTER 

. 5 Ay asy a5 as; QA ay q": o o o 

Qg a,; O 4y 93 Q anl|{ o © o 
1 

Ficcvre A, 

or inad : 

misclose ! 

FilcuRe E 

December 1982 -21 

Il 

C,r;i"ml saf of Simultaneovs L'mea—}-., £ v_"\"/'/ous) 

e 
o 

¢ 
O 

bc'u\j "F‘?" i 4 —Aimms}ml C/asu—;'-t. v [., N = 3 

Neil I Smita 

S arine Parade 
3eacliff 3A 5049 

11 Xarch 1983


